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Spreading of oil on calm water is analyzed for the second stage of spread, which is
controlled by a balance between gravity and viscous forces. The analysis, using the
integral boundary-layer method, agreed well with a numerical solution for the case of
unidirectional spread. The analysis is extended to include axisymmetric spread for which
there is no sound theoretical treatment presented in the literature. The approximations
made in the model are discussed based on the lubrication approximation and order-of-

magnitude arguments.

introduction

Oil spilled on sea water is subject to weathering due to
several factors (Cormack, 1986; Mackay and McAuliffe, 1988;
Spaulding, 1988; Fingas et al, 1996), including spreading
which causes a significant increase in the area of the oil
spilled. Models used for describing the dynamics of spreading
are reviewed by Hoult (1972), Palczynski (1987), and Spauld-
ing (1988). In particular, Fay’s treatment (1969, 1971) has
found wide acceptance (Spaulding, 1988), and has been tested
experimentally. Fay’s model basically shows the existence of
three spreading regimes. Initially, spreading is promoted by
gravity and counteracted by the action of inertia forces. This
first stage is followed by a stage in which viscous forces re-
place inertia as the predominant resisting force. Finally, there
is a stage where surface-tension becomes the predominant
driving force.

In our study, we consider the second stage of spreading in
which gravity forces are balanced by viscous forces. Although
Fay’s theoretical treatment gives the power-law form of the
spill-size time dependency, it does not provide the spreading
laws prefactors, which were determined experimentally for
the only case of unidirectional spread (Hoult, 1972). In fur-
ther theoretical development, Hoult and Suchon (Hoult, 1972)
proposed a similarity solution in which the boundary layer is
assumed to depend on time exclusively. Their model still
failed to determine the unknown prefactors. Buckmaster
(1973) noted that Hoult and Suchon’s model is not acceptable
in the vicinity of the spill edge, where the boundary-layer
thickness is expected to be zero. Solving numerically by inte-
gration from the leading edge, Buckmaster found the unidi-
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rectional-spread prefactor to deviate by 17.3% from the ex-
perimental value reported by Hoult (1972).

In our treatment, the lubrication-theory approximation and
the von Karman-Pohlhausen integral technique are used to
model and solve the flow problem in the oil and water phases.
The similarity solution of Hoult and Suchon is modified to
allow for the boundary layer to be a function of both time
and position. The boundary-layer equations are solved by ap-
plying the integral boundary-layer method, which, in conjunc-
tion with the solution of the oil governing equations, yields
the spreading-law prefactors for two geometrical configura-
tions: unidirectional and axisymmetric spreads, which are both
needed in fate modeling (Shen et al., 1987).

Results are compared with the experimental work pre-
sented by Hoult (1972) and the theoretical work of Buckmas-
ter {1973), both available for the only case of unidirectional
spread. Finally, the approximations used in the present model
are discussed on the basis of the present findings in compari-
son with the experimental data reported by Hoult (1972).

Governing Equations

In the second stage of spreading, viscous forces come into
play; therefore, a complete formulation of the equations gov-
erning the flow is needed for both the oil and water phases.
A spreading spill, assumed symmetric, is shown in Figure 1.
If spreading is unidirectional, then x represents the horizon-
tal Cartesian coordinate in the direction of spread, and s is
the vertical distance from the mean water level. On the other
hand, if axisymmetric spread is considered, then spread oc-
curs radially, and x and s represent cylindrical coordinates.
In the second stage of spreading, inertia forces become negli-
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Figure 1. Shape of the righthand side of a symmetric oil
spill spreading on water.

gible compared to gravity effects. In addition, the oil layer
being thin and presenting small interface slopes, we apply the
lubrication theory. With these approximations, variations of
pressure p and oil velocity U are given by

0 3*U  dp )
TR T ax 0
and
ap
0=———pg, 2
oy Po8 (2

in which g denotes the gravitational acceleration, and p, and
., represent the oil density and viscosity, respectively.

The edge of the spill is defined as the line along which the
thickness 4 is zero. Making a differential material balance
yields variations of # with time ¢

dh 1 ¢ o
-&T=—F£(X fOUdS), (3)

in which ¢ is zero in the case of unidirectional spread, and
equal to one in the case of axisymmetric geometry.
The oil-thickness profile is constrained to satisfy

V= [{2mx) hdx, (4)

where £ is the spill size as defined in Figure 1, and, as in
Hoult’s notations, I denotes half of the volume per unit length
in the case of unidirectional spread, and the total spill vol-
ume in the axisymmetric case.

When viscous effects are important, solving the oil equa-
tions requires solving the water continuity and momentum
equations, due to the fact that there is coupling between the
oil- and water-governing equations. The coupling results from

AIChE Journal

the continuity of the velocity profile (no-slip condition)

u=U aty=0, (5)

and the tangential stress condition

ou oU

P L

ty=0, 6
7 7y at y (6)

in which u represents the horizontal component of the water
velocity in the direction of spread, u,, denotes the water vis-
cosity, and y is the vertical distance from the oil-water inter-
face, as shown in Figure 1.

The movement of the oil spill, driven by gravity, induces
motion in the water phase, which in return exerts drag on oil.
The movement is confined to the boundary layer (Fay, 1969,
1971; Hoult, 1972), and the water momentum equations are
approximated by the boundary-layer form (Hoult, 1972)

du du u %u
—tu—+tv—=y,—5, @)
at ax ay dy
and
ap
O0=——-— s 8
oy P8 (®)

where p,, is the density of water, v is the vertical component
of the water velocity perpendicular to the direction of spread,
and w,, is the kinematic viscosity of water. Variations of u
and v are related by the continuity equation

1 o(xu) du
=z +—=0. (9)
X ox ay

The value of the fraction A of the oil thickness which floats
above the mean water surface was derived by Hoult by mak-
ing simple hydrostatic calculations

A= pw_po' (10)
Puw

The pressure p in the oil phase is obtained by integrating Eq.
2 from the air-oil interface where the pressure p, is atmo-
spheric

pP=p.+ p,g[AR—5s]. (11)

Substituting into Eq. 1 and integrating, while using the tan-
gential stress condition

oU
—=0

at s=Ah, (12)
as
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gives

U oh
o5~ PuA(1=A)g(s = Ah)——=0. (13)

s

Applying Eq. 13 at the oil-water interface, while using Eq. 6
and neglecting A compared to 1, yields

u

My =
ly =

Ahah 0 14
+ P Agh—=0,
Pl R L (14)

which is consistent with the result of Hoult and Suchon
(Hoult, 1972).

Dimensionless Form

Viscous-gravity spreading is preceded by the inertia-gravity
stage. Time ¢ and spill size £ are normalized using estimated
values for transition time T and transition spill size L, which
are calculated by equating the spreading laws for the first
and second stages, as given by Fay’s (1969, 1972) order-of-
magnitude analysis.

The order of magnitudes for the two predominant forces in
the second stage of spreading are presented by Fay (1969,
1971) and Houit (1972) as

gravity force ~ ( p,Agh.)h. £°, (15)

and

viscous force ~ [ ,0( Et‘l)(th)’m] et

(16)

in which k., is a characteristic thickness satisfying the conser-
vation-of-volume condition

V~h 0670 (17)

Equating Eqs. 15 and 16, while eliminating 4. by making

use of Eq. 17, yields the viscous-gravity spreading law of Fay
(1969, 1971)

120 +4)

Agl?
, (18)

L

£~ t¥?

in which the missing proportionality constant needs to be de-
termined. In the first stage of spreading, the inertia force
which is of order (Fay, 1969, 1971)

inertia force ~ p, ( £t *)h, £571,

(19)

is predominant compared to viscous forces.

In the transition from the inertia-gravity stage to the vis-
cous-gravity one, the inertia and gravity forces become of the
same order of magnitude. Therefore, equating Eqs. 16 and
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19, while making use of Eqgs. 17 and 18, yields

A5 +7)

T=[(ag) 2yt ;)] : (20)

and

ASL+T)

L=[agry;?| (21)

L and T being determined, we define dimensionless vari-
ables as follows

P=yT; %=x/L; £=4¥L; 5=y/\/uT;
h=h/(V/LS Yy a=u/(L/T); D=v/{n/T;

U=U/AL/T). (22)

In terms of the new variables, the oil momentum equation
(Eq. 14) takes the form

el _oh
— +h——__=0’
Y =0 0x

(23)

and, neglecting the oil velocity gradient in the vertical direc-
tion, the oil continuity Eq. 3 becomes

(24)

In the same way, the conservation of the total oil volume and
the water momentum and continuity equations are also ex-
pressed in terms of the new variables to give

e hdr=1, (25)
e 7} on  9’u
—:‘+ﬁ—_+17"“_'=——_7, (26)
dat ox ay 4
and
1 9(%°E) oD 0 -
_ 4 — = .
¥ ox Iy @7
Solution

Hoult and Suchon (Hoult, 1972) proposed a similarity solu-
tion in which combined variables are determined based on
order-of-magnitude analysis. In the present treatment, we use
the same following combined variables

n=%1"C-8¥, T=xi"1C; h=H(n)x 9. (28)
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However, to approximate the flow in the water phase, we use
the following polynomial of the sixth degree

/U=ay+az+az>+a;2°+a,z* +asz° +agz%, (29)
which is function of

z=y/8, (30)
in which the boundary-layer thickness & is allowed to be
function of both time and position, instead of time only

5=38(n)Vi. (31)
Substituting Eq. 28 into the oil continuity Eq. 24 yields the
value of C
C=(3-0)/8, (32)
which is consistent with the expression reported by Hoult
(1972).
In order to obtain the polynomial coefficients a; (i=
0,1, ...,6), we apply the following boundary conditions evalu-

ated at the oil-water interface and at the edge of the bound-
ary layer, respectively

o du _ou  J*u
u=u, —_— U-——=—=,
Jt % 72
o (oa _ou _du\ d%m 0 (33
—|—=ti—=+0—|=—= atj=0,
FEA WA T IR T N RFTE 4 (33)
and
ou d'm  3'm o s 2
UH=——=——F=—= at = 0.

Integrating the water continuity Eq. 27, while making use of
the fact that water does not penetrate in the oil phase

0=0 at y=0, (35)
gives
, 1 39
b=—=3 A 3—)_{(x u)dy. (36)

The boundary-layer thickness can be calculated by integrat-
ing the water momentum Eq. 26 between 0 and 6. Integrat-
ing by parts to eliminate 0, while using Leibnitz’s formula
along with Eqs. 34 and 35, we obtain

d

s J {5 ¢ s du
—| (ag |+ —| (@@ )+ = [By=——| . (37
ﬁt(fo”y) 19)?([()“ y) A aiLo @7
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Substituting for # from Eq. 29, and making use of Eqgs. 28,
30, and 31 yields

. d = X1z
crbgp (=il +|rorce-Z[5--an @9

in which
6 4.
= _t 9
@ §i+ ’ (9
and
2
=y — 4
A §i+l (40)

The b-terms in the foregoing equation are defined as the
coefficients of the polynomial

2 6 \?
Y bz = ( Zaiz’) . (41)
0 0
The solution of Eq. 38 is subject to the condition
5=0 at n =1, (42)

which expresses that the boundary-layer thickness is zero at
the leading edge of the spreading oil spill, where 7 is maxi-
mum and equal to 7,,.

On the other hand, the oil momentum equation yields

o )H Cayr” (43
——(+ = ~
e ({+1) 3 )
Letting
G = H»m 2+ (44)
substituting into Eq. 43, and integrating while using
H=0 at n=m,, (45)
gives
G=2C[" (ayn/8)dn. (46)
Mm

Applying Eq. 28 along with Eqgs. 20 to Eq. 22 shows that the
spreading-law prefactor is equal to 7,,. In terms of the nor-
malized variable

(47)

=1/,
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Table 1. Coefficients of the Sixth-Order Polynomial Velocity Profile

Geometry ag a, a, a, a,
Unidirectional 1 20016+ 82)/D -58%16  15(1652— §)4D)  5(1,280—5652 +95*)A8D)
Axisymmetric 1 2—40+36%)yD -35%8 (4082 -38)A2D)  (800-6056% +95)44D)
as ag D
Unidirectional  (—3,840+3282 —1589)44D)  5(1,024+35*)16D)  160—35°
Axisymmetric 3(-160+482 - 8)2D)  (640—-882+35*)(8D) 40~ 52
we write Eq. 46 in the following form in which

G(7) =G/, =2C [ (a,/8 ) . (48)

From Eqs. 20 to 22, 28, 44 and 48, it is clear that

1 Ag 4
\E=—(VVZV213/2)11 for {=0,  (49)

T’m w

and

146
h for { =1,

252
w/5=i(Agz3 (50)

T \ BV

w

meaning that \/—5_ represents a dimensionless thickness.

Once G is calculated, the value of 7,, can be obtained by
substituting for & into Eq. 25, by making use of Egs. 28, 44,
and 48

m=|@m) [ VG wien (51)
0

:|41/(§+2)

Results and Discussion

The solution procedure starts by solving Eqs. 33 and 34 to
determine the sixth-order polynomial coefficients. Next, we
substitute into Eq. 39 to get «. Solving for the b-coefficients
in terms of the a-coefficients gives B upon substitution into
Eq. 40. The results obtained are given in Tables 1 and 2. The
expressions for « and B are substituted into Eq. 38. This
differential equation, which shows an infinite slope at the
leading edge, can be solved by recasting it in the following
form

O
i

O

[

=52, (53)

Starting with

atp=1,

(54)

and integrating Eq. 52 yields the numerical solution for &,

which upon substitution into Eq. 48 gives G. After making
use of Eq. 51, we obtain the value of the spreading-law pref-
actor 7,,. Substituting for 7,,, we finally get the following
spreading laws

A V2 1/4

z=1.77( s t%) for £ =0, (55)
Yy

and
9 16

Agl?

e=1.15( gm t3/2) for ¢ =1. (56)
Vw

The value 1.77 obtained for 7, in the case of unidirec-
tional spread deviates by 0.6% from the value obtained by
Buckmaster (1973). In addition, the present analysis provides
the axisymmetric spreading-law prefactor.

The water velocity profiles are plotted in Figures 2a and 2b
along with the boundary-layer thickness profiles. We can no-
tice that the boundary-layer thickness is constant in the core
of the oil spill, and, near the rim, it declines to reach zero at
the leading edge. In the work of Hoult, the boundary layer is
assumed to depend on time alone. As we have seen, this as-
sumption is valid in the core only and ceases to be valid in
the vicinity of the leading edge.

Dimensionless oil-thickness profiles are shown in Figure 3.
A good agreement is obtained with the results of Buckmas-
ter, which are available in the case of unidirectional spread

Table 2. Results for « and 8

B

(1,487,667,200 —29,818,8805 % + 526,592 5% 1,248 5% +455%)4329,472 D)

(116,224,000 — 3,571,20052 +72,9605¢ —3605° +958)4411,840D?)

on 1 dé, 5 d
o — + —_— —
i) (B ) g+ (- a)
[0 20 e
+ [(2+ £)YCep— E] 8 =—a,, (52)
Geometry a
Unidirectional (15,360 — 11252 +35*)4336 D)
Axisymmetric (3,200— 4052 + §*)A280D)
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Figure 2. Water velocity profiles for (a) unidirectional and {b) axisymmetric spreads.

only. Our results for axisymmetric spread are presented in
the same figure. For both spreading geometries, results show
that the oil thickness does not show significant changes in the
core of the oil spill; however, drastic changes are noticed in
the near vicinity of the leading edge where the interface slope
is infinite, meaning that the lubrication approximation is not
strictly valid in the vicinity of the leading edge of the oil spill,
which might eventually be causing, at least partly, the 18%
deviation of ,, from the experimental value reported by

0.50

045 ® Buckmaster (1973)

— Present Model
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Figure 3. Oil-thickness profiles.
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Hoult (1972). However, the substantial agreement with the
experimental value suggests that the Iubrication approxima-
tion can be considered as acceptable. Another approximation
used in this work neglects the oil velocity gradient in the ver-
tical direction. To examine the validity of this approximation,
we integrate Eq. 13 in order to obtain the difference between
the oil velocities U,_, and U, _,,, evaluated at the oil-air and

oil-water interfaces respectively

_U— =

o-w

LA(L=d)g ok
_ A0, O (57)
ax

2,

Using order-of-magnitude analysis and neglecting A com-
pared to 1, we estimate

UO-LI _UO-W pWAgh:C;t
U,

o o £2

(58)

Substituting for 4, and £, by making use of Egs. 18, 20, and
22, yields in terms of dimensionless time

u.,-U

Tora " Tow | Pwioseemmazes) (59)
Uo-w o

Applying Eq. 59 at the estimated transition time shows that
neglecting the oil velocity gradient in the vertical direction
requires u,>> u,,, which is also a sufficient condition since
the exponent of ¢ in Eq. 59 is negative. This model limiting
condition, which is derived based on the lubrication-theory
approximation, agrees with the statement of Hoult and is in
general not restrictive for crude oil spills since the viscosity
ratio typically exceeds 20 (Hoult, 1972).

February 2001 Vol. 47, No. 2 293



Notation

a; =ith coefficient of the polynomial velocity profile

b; =ith coefficient of the polynomial defined in Eq. 41
C =oil velocity profile constant, Eq. 28

D =denominator term defined in Table 1

g = gravitational acceleration

G =Gy,
G =square of a dimensionless oil thickness, as defined in Eqs. 49
and 50

h = oil thickness
h, =characteristic oil thickness
h =dimensionless oil thickness defined in Eq. 22
H=3"%h
£ =spill size as defined in Figure 1
{ =dimensionless spill size, Eq. 22
L =estimated distance to the transition point
p =pressure
D, = atmospheric pressure
s =vertical distance from the mean water level
t =time
{ =dimensionless time, Eq. 22
T =estimated time to the transition from the inertia-gravity stage
to the viscous-gravity stage
u =horizontal component of the water velocity
& =dimensionless u, Eq. 22
U =oil velocity

U, ., =oil velocity at the oil-air interface
U, ., =oil velocity at the oil-water interface

U =dimensionless U, Eq. 22

v =vertical component of the water velocity

U =dimensionless v, Eq. 22

V' =half of the oil volume in the case of unidirectional spread
and total spill volume in the axisymmetric case

x =horizontal position as defined in Figure 1

X =dimensionless x, Eq. 22

y =vertical distance from the oil-water interface

¥ =dimensionless y, Eq. 22

z =normalized value of 7, Eq. 30

Greek letters

a =defined in terms of the polynomial coefficients 4; in Eq. 39
B =defined in terms of the polynomial coefficients b, in Eq. 40
8 =boundary layer thickness divided by y/u,T

S=o/i
8, =square of &
A =fraction of the oil thickness tloating above the mean water
surface, Eq. 10
7 =combined variable, Eq. 28
1,, =maximum and leading-edge value of 0
7 =normalized value of 1, Eq. 47
i, = oil viscosity
i, =water viscosity
v, = kinematic viscosity of water
p, = oil density
p, =water density
¢ =0 for the case of unidirectional spread, and =1 for the ax-
isymmetric case
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